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We discuss some aspects of soft hairy black holes and a new kind of “soft hairy cosmologies”, in-
cluding a detailed derivation of the metric formulation, results on flat space, and novel observations
concerning the entropy. Remarkably, like in the case with negative cosmological constant, we find
that the asymptotic symmetries for locally flat spacetimes with a horizon are governed by infinite
copies of the Heisenberg algebra that generate soft hair descendants. It is also shown that the gener-
ators of the three-dimensional Bondi–Metzner–Sachs algebra arise from composite operators of the
affine uˆ(1) currents through a twisted Sugawara-like construction. We then discuss entropy macro-
scopically, thermodynamically and microscopically and discover that a microscopic formula derived
recently for boundary conditions associated to the Korteweg–de Vries hierarchy fits perfectly our
results for entropy and ground state energy. We conclude with a comparison to related approaches.
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I. INTRODUCTION
Black holes and cosmological spacetimes exhibit gener-
ically non-extremal horizons. In the near horizon limit
such spacetimes universally are approximated by Rindler
space [2]. Whenever one is interested in asking condi-
tional questions, like “given a black hole, what are the
scattering amplitudes in a given channel?” or “given a
cosmological horizon, what are the allowed states that re-
main in the physical Hilbert space and how could they be
related through symmetries?” or “given a black hole or
cosmological horizon, can we microscopically account for
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2the Bekenstein–Hawking entropy?”, it is crucial to im-
pose boundary conditions that make sure that the con-
dition in the question is met [3]. In other words, we
are searching for a consistent set of boundary conditions
that guarantees the existence of a (regular, non-extremal)
horizon. This motivates the invention of suitable near
horizon boundary conditions.
Recently, near-horizon-inspired boundary conditions
were proposed for three-dimensional spacetimes with
negative cosmological constant [4], which allowed to dis-
cuss novel aspects of soft hair (in the sense of Hawk-
ing, Perry and Strominger [5, 6]), black hole entropy and
black hole complementarity.
In the present work we give more details on the metric
formulation, and generalize the discussion to cosmologi-
cal spacetimes in the absence of a cosmological constant.
One of the main results of our flat space analysis is
that the asymptotic symmetry algebra turns out to be
precisely the same as in Anti-de Sitter (AdS) space [4],
namely infinite copies of the Heisenberg algebra supple-
mented by two Casimirs, one of which is the Hamiltonian.
This supports the interpretation that our symmetry al-
gebra can be naturally considered from a near horizon
perspective, since the near horizon physics is expected to
be insensitive to the presence or absence of a cosmologi-
cal constant, as opposed to the usual expectation in the
asymptotic region. For this reason hereafter we shall re-
fer to this algebra sometimes as “near horizon symmetry
algebra” (NHSA). However, we stress that our boundary
conditions and all results based upon them can be in-
terpreted also from an asymptotic observers perspective,
which sometimes is more useful than the near horizon
perspective.
Remarkably, the Bekenstein–Hawking entropy
SBH =
A
4G
= 2pi
(
J+0 + J
−
0
)
, (1)
once expressed in terms of our global charges, also ac-
quires a unique expression that depends only on the zero
modes J±0 and turns out to be insensitive to the value of
the cosmological constant.
This work is organized as follows. In section II we reca-
pitulate key results of [4], recast in Gaussian normal coor-
dinates. In section III we address in more detail aspects
of the metric formulation, in particular the asymptotic
Killing vectors, the Regge–Teitelboim charges and the
boundary conditions on metric fluctuations near the hori-
zon and in the asymptotic region. In section IV we formu-
late suitable boundary conditions in flat space and derive
the asymptotic symmetry algebra, which turns out to be
isomorphic to the one in AdS; we generalize the soft hairy
discussion to flat space cosmologies. In section V we fo-
cus on algebraic aspects and various Sugawara-like con-
structions based on our near horizon symmetry algebra,
as well as algebraic generalizations to higher spins and
higher dimensions. In section VI we discuss the entropy
from various perspectives; first, we recover the macro-
scopic Bekenstein–Hawking result in the Chern–Simons
formulation; second, we address microstate counting and
observe that a special case of a microscopic entropy for-
mula fits perfectly our results, which was originally de-
rived for boundary conditions on AdS3 where the bound-
ary gravitons obey the equations of some representative
of the Korteweg–de Vries (KdV) hierarchy. In section
VII we compare with various related approaches, in par-
ticular with the one in [1]. In section VIII we conclude
with a brief summary and an outlook to future research
directions.
Before starting we mention some of our conventions.
We work in 2 + 1 dimensional spacetimes of signature
(−,+,+) and use the following sign convention for the
Ricci tensor Rµν = ∂αΓ
α
µν + . . .
II. SUMMARY OF ANTI-DE SITTER RESULTS
In this section we summarize, and partly make more
explicit, the results of [4]. We start by presenting a spe-
cial class of metrics that solves the three-dimensional Ein-
stein equations with negative cosmological constant,
Rµν − 1
2
gµνR+ Λgµν = 0 (2)
and that approaches Rindler spacetime near the horizon
in section II A, focusing first on Gaussian normal coordi-
nates and then on Eddington–Finkelstein coordinates. In
section II B we recapitulate the Chern–Simons formula-
tion, in which the boundary conditions appear naturally
in diagonal gauge, see section II C. Section II D displays
the canonical charges and their asymptotic symmetry al-
gebra. In section II E we recall the definition of soft hair
descendants.
A. Soft hairy black hole metric
The near horizon metric in a co-rotating frame acquires
the form
ds2 = −a2r2 dt2 + dr2 + γ2 dϕ2 + · · · (3)
where a is the Rindler acceleration, and r = 0 stands
for the location of the (Rindler) horizon. The angular
coordinate is assumed to be periodic, ϕ ∼ ϕ + 2pi, so
that the horizon area is given by
A =
˛
dϕγ . (4)
The ellipsis in (3) corresponds to higher order terms in
the radial coordinate r.
In [4] we continued the analysis in Eddington–
Finkelstein coordinates. We summarize (and generalize)
these results in appendix A. Here we proceed instead in
Gaussian normal coordinates, following the higher spin
discussion [7].
3Parametrizing the cosmological constant in terms of
the AdS radius, Λ = −`−2, the full metric that ap-
proaches (3) in the near horizon limit for a generic rotat-
ing frame and solves the Einstein equations (2) in Gaus-
sian normal coordinates is given by
ds2 = dr2 − ((a2`2 − Ω2) cosh2 (r/`)− a2`2) dt2
+ 2
(
γΩ cosh2 (r/`) + aω`2 sinh2 (r/`)
)
dtdϕ
+
(
γ2 cosh2 (r/`)− ω2`2 sinh2 (r/`) ) dϕ2 . (5)
The line-element (5) depends on four functions a,Ω, γ, ω
of time and the angular coordinate, subject to the on-
shell conditions
γ˙ = Ω′ ω˙ = −a′ (6)
where prime denotes ∂ϕ and dot denotes ∂t.
This patch of coordinates covers the region outside the
event horizon, r ≥ 0. Since the generic solution is not
spherically symmetric, its geometry describes a sort of
“black flower” (see e.g. [8]). As explained in section II D
and further elaborated in section III, the state-dependent
functions ω and γ cannot be gauged away because they
correspond to the global charges. The quantities a and
Ω are interpreted as chemical potentials, meaning that
they are arbitrary but fixed functions of ϕ and t. For
consistency we assume that the function determining the
surface area is positive everywhere, i.e., γ > 0, with no
loss of generality.
In order to make explicit contact with the expression
for the metric in [4], for simplicity we choose a to be
constant and adopt a co-rotating frame (Ω = 0). Then,
in (ingoing) Eddington–Finkelstein coordinates with ad-
vanced time v,
v = t− 1
2
a−1log
(f (ρ)
ρ
)
ρ = a`2
(
cosh
(r
`
)− 1) (7)
the line element (5) reduces to
ds2 = −2aρf (ρ) dv2 + 2 dv dρ+ 4ωρf (ρ) dv dϕ
− 2ω
a
dϕdρ+
[
γ2 +
2ρ
a`2
(γ2 − `2ω2)f (ρ)
]
dϕ2 (8)
where f (ρ) = 1 + ρ/(2a`2). The functions ω and γ now
depend on ϕ, only. Note that in the case of constant
values of ω and γ the solution is spherically symmetric
and reduces to the BTZ black hole [9, 10].
To facilitate comparison with literature we translate
now into standard BTZ variables. The BTZ black
hole with outer and inner horizon radii rBTZ± (in the
Schwarzschild-type of coordinates introduced in [9]) is
recovered by identifying
rBTZ+ = γ r
BTZ
− = |ω| ` (9)
with constant γ > 0 and constant ω. The sign of ω de-
termines the direction of the rotation, and the following
BPS-like inequality holds
γ > |ω| ` . (10)
This can be seen either directly from the line-element (5)
in the limit of large r or from the usual BTZ-inequality
r+ ≥ r− together with (9).
We continue in the metric formulation in section III.
In the remainder of this section we switch to the Chern–
Simons formulation, which is technically more conve-
nient.
B. Chern–Simons formulation
In the Chern–Simons formulation the bulk action for
Einstein gravity reads [11, 12]
ICS =
k
4pi
ˆ 〈A ∧ dA+ 23 A ∧A ∧A〉 . (11)
In presence of a negative cosmological constant the
Chern–Simons level is given by k = `/(4G). The gauge
field A splits into two independent sl(2,R) connections
A±. The generators then fulfill
[Ln, Lm] = (n−m)Ln+m (12)
with n,m = 0,±1, and the bilinear form 〈 , 〉 corresponds
to the standard one for each copy of sl(2,R), given by
〈L1, L−1〉 = −1 , 〈L±1, L0〉 = 0 , 〈L0, L0〉 = 12 (13)
once one includes a relative minus sign in one of the sec-
tors, which most conveniently is put into the action. Ex-
plicitly, in the AdS case the action (11) then splits into
left (+) and right (−) chiral parts
ICS =
`
16piG
ˆ 〈
A+ ∧ dA+ + 23 A+ ∧A+ ∧A+
〉
− `
16piG
ˆ 〈
A− ∧ dA− + 23 A− ∧A− ∧A−
〉
(14)
and the spacetime metric is recovered from the gauge
fields A± according to
gµν =
`2
2
〈(
A+µ −A−µ
) (
A+ν −A−ν
)〉
. (15)
In our conventions, t, r, γ, `,G have length dimension
one, ϕ, ω,Ω, k, A±, Ln are dimensionless, while the length
dimension of the Rindler acceleration a is minus one.
C. Boundary conditions
The crucial role of boundary conditions in field theories
and particularly in gravitational theories is well appreci-
ated by now. In three spacetime dimensions the asymp-
totic AdS boundary conditions by Brown and Henneaux
[13] provided an important precursor of AdS3/CFT2.
Since then, these boundary conditions were modified (see
e.g. [4, 14–17]) and generalized (see e.g. [18–25]) in nu-
merous ways.
4Let us now describe the boundary conditions proposed
in [4]. The gauge fields compatible with these boundary
conditions can be written as
A± = b−1±
(
d+a±
)
b± (16)
where the gauge group elements b± depend on the radial
coordinate. In [4], the remaining analysis was carried out
in Eddington–Finkelstein coordinates. Hereafter, we pre-
fer to continue with the development in Gaussian normal
coordinates, since they provide certain advantages once
dealing with the metric formulation (see section III).
A suitable choice of b± is then given by
b± = exp
(
± r
2`
(L1 − L−1)
)
(17)
so that the auxiliary connections a± can be expressed
through
a± = L0
(±J± dϕ+ ζ± dt) (18)
which depend only on time and the angular coordinate.
Here we have used the following definitions:
J± = γ`−1 ± ω ζ± = −a± Ω`−1 . (19)
The field equations then imply the vanishing of the field
strength
F = dA+A ∧A = 0 (20)
which exactly hold provided
J˙± = ±ζ±′ (21)
in agreement with (6).
As explained in [26, 27], the components of the gauge
fields along time turn out to be Lagrange multipliers, so
that ζ± can be naturally interpreted as chemical poten-
tials and assumed to be fixed at the boundary. The re-
maining functions J± then correspond to the dynamical
fields.
Having formulated our boundary conditions in terms
of the diagonal Chern–Simons connections (18), it be-
comes very simple to check the regularity of the fields
along a contractible cycle in the Euclidean continuation.
Since the Lagrange multipliers are switched on, the range
of the coordinates can be fixed so that the torus pos-
sesses a trivial modular parameter, i.e., 0 ≤ ϕ < 2pi,
0 ≤ τ < β = T−1, where T stands for the Hawking tem-
perature. Noteworthy, requiring the holonomy along the
Euclidean time cycle to be trivial does not impose any
restriction on the state-dependent functions J±. This
regularity condition instead tells us that the (now com-
plex) chemical potentials are constrained to be
ζ± ≡ −2pi/β± = −a± iΩ`−1 = −2pi/β (22)
where 2/T = β+ + β− and 2Ω/T = β+ − β−.
From a geometrical point of view this means that all
the solutions satisfying the boundary conditions have a
regular horizon, regardless of the value of J±, as long
as a/ (2pi) is identified with the Unruh temperature and
Ω = 0.
D. Canonical charges and their algebra
The canonical charges associated with the theory de-
fined by our boundary conditions (16)-(18) turn out to
be finite and conserved in time, given by [4]
Q±[η±] = ∓ k
4pi
˛
dϕη± J± . (23)
The algebra of the global charges captures all boundary
condition preserving transformations
δ±a
± = d± +
[
a±, ±
]
(24)
modulo trivial gauge transformations, where
± = η±L0 (25)
and
δJ± = ±η′± (26)
with η˙ = 0.
Expanding in Fourier modes
J±n =
k
4pi
ˆ
dϕe±inϕJ± (27)
we found that their commutators are given by1[
J±n , J
±
m
]
= 12kn δn+m, 0
[
J+n , J
−
m
]
= 0 (28)
which consist of two uˆ(1) current algebras with the same
levels (k/2).
Linearly combining the generators as P0 = J
+
0 + J
−
0 ,
Pn =
i
kn (J
+
−n+J
−
n ) if n 6= 0, Xn = J+n −J−−n, the algebra
(28) reads
[Xn, Xm] = [Pn, Pm] = [X0, Pn] = [P0, Xn] = 0 (29)
[Xn, Pm] = iδn,m if n 6= 0 (30)
which corresponds to the commutation relations for
Casimir–Darboux coordinates, where X0, P0 stand for
the Casimirs and the remaining Xn, Pn form canonical
pairs. Note that (30) is the Heisenberg algebra.
It is worth highlighting that the global charges (23)
are manifestly independent of the radial coordinate, and
therefore the analysis holds for an arbitrary fixed value of
it, regardless whether the boundary is chosen to be near
the horizon or at infinity.
E. Soft hair descendants
Some consequences of these results were discussed in
[4]. A striking one is the existence of “soft hair” excita-
tions
|ψs({n±i })〉 ∝
∏
n±i >0
J+−n+i
J−−n−i
|ψ〉 (31)
1 Poisson brackets are replaced by commutators according to
i {, } → [, ].
5of some arbitrary state |ψ〉, which can e.g. be a black hole
state. Due to the facts that the Hamiltonian is propor-
tional to P0 = J
+
0 +J
−
0 and that P0 is a Casimir operator,
all soft hair descendants |ψs({n±i })〉 have the same energy
as the original state |ψ〉, for any set of positive integers
{n±i }. In accordance with the nomenclature introduced
by Hawking, Perry and Strominger [5] we call the zero
energy excitations generated by raising operators J±−n±i
“soft hair”.
We shall generalize this discussion to the case of locally
flat spacetimes in section IV. Before doing this we recover
the key results above in the metric formulation, spelled
out in section III.
III. METRIC FORMULATION
We show now that the results reviewed in the previ-
ous section can also be directly obtained in the metric
formulation. This is hardly surprising, as the Chern–
Simons formulation (11) is classically equivalent to the
metric formulation. However, it is still useful to perform
this exercise in order to get some physical intuition into
the meaning of our boundary conditions from a purely
metric perspective.
Indeed, since we have already shown that the analysis
does not depend on the precise choice of the fixed value
of the radial coordinate where the boundary is located,
for simplicity in section III A we first proceed within the
phase space defined through the family of metrics de-
fined in Eq. (5); where a and Ω (or equivalently ζ±) are
assumed to be arbitrary fixed functions of t, ϕ, without
functional variation. Nonetheless, the results are also ex-
plicitly carried out for relaxed boundary conditions that
allow sub-subleading fluctuations either near the horizon
or in the asymptotic region in sections III B and III C,
respectively.
A. Asymptotic Killing vectors and charges
The asymptotic Killing vectors can be seen to corre-
spond to the diffeomorphisms that maintain the form of
the metric (5) within the same family. Hence, we look for
diffeomorphisms spanned by ξ = ξµ∂µ, whose action on
the spacetime metric coincides with its functional varia-
tion, i.e.,
δξgµν = Lξgµν . (32)
Taking into account the compatibility of these symme-
tries with the time evolution of the dynamical fields,
given by Eq. (21), the relation in (32) then implies that
the components of ξ are given by
ξt =
η+J− + η−J +
ζ+J− + ζ−J + (33a)
ξϕ =
η+ζ− − η−ζ+
ζ+J− + ζ−J + (33b)
ξr = 0 (33c)
where η± stand for arbitrary functions of ϕ, while the
transformation law of the dynamical fields J± is found
to precisely agree with (26).
Note that the result in (33) naturally agrees with the
one previously derived in terms of gauge fields in section
II D. Indeed, diffeomorphisms acting on gauge-flat con-
nections are equivalent to gauge transformations spanned
by Lie-algebra-valued parameters fulfilling (see e.g. [12])
± = a±µ ξ
µ , (34)
which is certainly so for ± and a±µ given by (25) and
(18), respectively, provided (33) holds.
Following the Regge–Teitelboim approach [28], the
variation of the canonical generators associated to the
symmetries spanned by ξ, are given by the following sur-
face integrals
δQ [ξ] =
ˆ
dSl
[
Gijkl
(
ε⊥∇kδgij −∇kε⊥δgij
)
+ 2εjδ
(
gjkpi
kl
)− εlpijkδgjk] , (35)
where Gijkl = 132piG g
1/2
(
gikgjl + gilgjk − 2gijgkl), and
ε⊥ = N⊥ξt εi = ξi +N iξt .
These surface integrals can be directly evaluated in terms
of the metric in (5), and the symmetries spanned by (33),
so that they reduce to
δQ
[
η+, η−
]
=
`
16piG
ˆ
dϕ
(
η+ δJ + + η− δJ−) , (36)
which readily integrate as
Q
[
η+, η−
]
= Q+ [η+]−Q− [η−] , (37)
with Q± [η±] given by (23). It is then clear that their
Poisson bracket algebra is given by two copies of the affine
uˆ (1) currents, coinciding with (28).
Note that, as expected, the global charges obtained in
the metric formalism do not depend on the radial coor-
dinate, which implies that the same results have to be
recovered from an asymptotic analysis performed for a
wider class of metrics, either in the near horizon region
or close to the asymptotic boundary.
B. Near horizon behaviour
One of the advantages of dealing with Gaussian normal
coordinates is that the analysis of the spacetime struc-
ture, despite of being performed in the horizon neighbor-
hood, can be suitably carried out following the canonical
6approach, as it is the case in [28] for the asymptotic re-
gion. The leading terms of the metric around the horizon,
located at r = 0, are then specified according to
gtt = Ω
2 +
(
Ω2 − `2a2) r2
`2
+O (r3) (38a)
gϕϕ = γ
2 +
(
γ2 − `2ω2) r2
`2
+O (r3) (38b)
gtϕ = γΩ +
(
γΩ + aω`2
) r2
`2
+O (r3) (38c)
grr = 1 +O
(
r2
)
(38d)
grt = O
(
r2
)
(38e)
grϕ = O
(
r2
)
. (38f)
The near horizon symmetries are then found through
solving Eq. (32) up to the subleading orders in (38),
which implies that the asymptotic Killing vectors are
given by (33) modulo subleading corrections of O (r3),
i.e.,
ξt =
η+J− + η−J +
ζ+J− + ζ−J + +O
(
r3
)
(39a)
ξϕ =
η+ζ− − η−ζ+
ζ+J− + ζ−J + +O
(
r3
)
(39b)
ξr = O (r3) (39c)
provided that the fields J± transform as in (26).
The global charges associated to these near horizon
symmetries can then be readily obtained from (35), and
they are found to agree with (37). Hence, the canon-
ical realization of the NHSA is described by two uˆ (1)
currents, given by (28).
C. Asymptotic behaviour
Analogously, when the radial coordinate approaches
infinity (r → ∞) it is convenient to make the change
r
` → log
(
r
`
)
, so that the asymptotic behaviour of the
spacetime metric reads
gtt =
(
Ω2 − `2a2) r2
4`2
+ 12
(
Ω2 + `2a2
)
+O( 1r ) (40a)
gϕϕ =
(
γ2 − `2ω2) r2
4`2
+ 12
(
γ2 + `2ω2
)
+O( 1r ) (40b)
gtϕ =
(
γΩ + aω`2
) r2
4`2
+ 12
(
γΩ− aω`2)+O( 1r ) (40c)
grr =
`2
r2
+O( 1r3 ) (40d)
grt = O
(
1
r
)
(40e)
grϕ = O
(
1
r
)
. (40f)
The asymptotic symmetries are then found to be spanned
by
ξt =
η+J− + η−J +
ζ+J− + ζ−J + +O
(
1
r3
)
(41a)
ξϕ =
η+ζ− − η−ζ+
ζ+J− + ζ−J + +O
(
1
r3
)
(41b)
ξr = O( 1r2 ) (41c)
provided that the dynamical fields transform according
to (26).
It is then simple to verify that the corresponding
canonical generators reduce to (37), which means that
the asymptotic symmetry algebra coincides with the
NHSA, both spanned by the affine uˆ (1) currents with
the same levels as in (28).
IV. FLAT SPACE GENERALIZATION
In this section we extend the results in [4] for the case
of vanishing cosmological constant. In section IV A we
introduce soft hairy cosmology line-elements. In section
IV B we present near horizon boundary conditions in the
Chern–Simons formulation. In section IV C we derive the
associated canonical charges, whose symmetry algebra we
study in section IV D. In section IV E we construct flat
space soft hair. In section IV F we compare with stan-
dard asymptotically flat results and recover BMS3 as a
composite algebra through a Sugawara-like construction.
In section IV G we summarize the metric formulation in
flat space. In section IV H we solve the regularity con-
ditions of relevance for thermodynamics of cosmological
spacetimes endowed with soft hair, and explore some as-
pects of their entropy.
A. Soft hairy cosmologies
The class of locally flat spacetimes endowed with non-
extremal horizons we look for can be readily obtained
from the limit of large AdS radius, ` → ∞, of the line
element of the soft hairy black holes in (5). The metric
is then found to be given by
ds2 = dr2 + (Ω2 − a2r2) dt2 + 2(Ωγ + aωr2) dtdϕ
+ (γ2 − ω2r2) dϕ2 . (42)
In this patch of coordinates, the geometry generically de-
scribes the inner region of a class of spacetimes with a
cosmological horizon located at r = 0, and a chronologi-
cal singularity at r2s = γ
2/ω2, so that the region that cor-
responds to r > rs can be excised in order to avoid closed
timelike curves. The Lagrange multipliers a and Ω turn
out to be arbitrary fixed functions of t, ϕ, and as shown
below, the functions ω and γ are related to the global
charges so that they cannot be gauged away. Local flat-
ness implies that time evolution of the dynamical fields
7is determined by the spatial derivative of the Lagrange
multipliers, precisely as in Eq. (6). It is then worth em-
phasizing that the reduced phase space obtained from
requiring the class of metrics in (5) to be of negative con-
stant curvature, exactly coincides with the one obtained
from demanding (42) to be locally flat. Note that generic
configurations are not spherically symmetric, possessing
ripples that cannot be gauged away because they are
characterized by global soft hair charges. Hence, these
geometries are analogues of black flowers in AdS3 dis-
cussed in section II A and therefore we shall refer to them
as “cosmological flowers”.
In order to cover a wider spacetime region that in-
cludes the cosmological horizon, it is useful to express the
spacetime metric (42) in ingoing Eddington–Finkelstein
coordinates, according to
r2 =
2
a
ρ t = v − 1
2a
log (ρ) (43)
so that in a co-rotating frame (Ω = 0) and for constant
a, the line element reads
ds2 = −2aρ dv2 + 2 dv dρ+ 4ωρdv dϕ
− 2ω
a
dϕdρ+
(
γ2 − 2ω
2
a
ρ
)
dϕ2 . (44)
The radial coordinate now ranges as −∞ < ρ < ρs =
a
2 r
2
s . It is simple to verify that the change of coordinates
(43) as well as the metric in (44) are directly recovered
in the `→∞ limit from (7) and (8), respectively.
Remarkably, the spectrum of solutions in (44) is reg-
ular for arbitrary functions ω (ϕ) and γ (ϕ) (see section
IV H). Indeed, this can be directly seen for the case of
constant ω and γ, which for ω 6= 0 describes the class
of stationary spherically symmetric cosmological space-
times discussed in [29, 30], while for ω = 0 our static
solution does not become singular, but it is instead given
by the product of Rindler spacetime times a circle of ra-
dius γ.
In the next section we construct a suitable set of
boundary conditions that accommodates the family of
locally flat solutions described here, even in the case of a
generic choice of Ω and a.
B. Chern–Simons formulation
We use again the Chern–Simons action (11), now with
a dimensionful Chern–Simons level k = 1/(4G). In the
absence of a cosmological constant the connection A can
be decomposed into components as
A = AnLLn +AnMMn , (45)
with respect to the isl(2) generators obeying the algebra
[Ln, Lm] = (n−m)Ln+m (46)
[Ln, Mm] = (n−m)Mn+m (47)
[Mn, Mm] = 0 (48)
where n,m = 0,±1. From a geometric perspective the
components AM correspond to the dreibein and the com-
ponents AL to the (dualized) spin-connection, so that fol-
lowing the conventions in [31–33], the line element reads
ds2 = gµν dx
µ dxν = −4A+MA−M +
(
A0M
)2
, (49)
and the nonvanishing components of the invariant bilin-
ear form are given by
〈L1, M−1〉 = 〈L−1, M1〉 = −2 〈L0, M0〉 = 1 . (50)
Here, the quantities v, ρ, γ,G,AM have length dimen-
sions one, ϕ, ω,Ω,A, Ln, AL are dimensionless, and
a, k,Mn have length dimensions minus one.
The boundary conditions we propose are realized for
connections of the form
A = b−1 (d+a) b, (51)
with the ISL(2) group element
b = exp
(
− 1
a
M1
)
exp
(ρ
2
M−1
)
(52)
and the auxiliary connection
a = (−a dv + ω dϕ)L0 + (Ω dv + γ dϕ)M0 . (53)
Following [26], the arbitrary functions of v, ϕ, given by
ω and γ are identified with the dynamical fields, while Ω
and a correspond to the Lagrange multipliers which can
be assumed to be arbitrary functions of v, ϕ that are held
fixed at the boundary without variation (δΩ = δa = 0).
The vanishing of the field strength implies (prime denotes
again ∂ϕ and dot ∂v)
γ˙ = Ω′ ω˙ = −a′ . (54)
Note that in the particular case of Ω = 0 and a constant,
from Eqs. (51) and (49), one recovers the line element in
(44).
C. Canonical charges
In the Hamiltonian approach [28], the surface integrals
associated to the variation of the canonical generators are
found to be given by
δQ [] = − k
2pi
ˆ
dϕ 〈 δaϕ〉 (55)
where
 = nLLn + 
n
MMn , (56)
is an arbitrary Lie-algebra-valued parameter. Taking into
account the expression for the bilinear form in (50), as
well as the asymptotic form of the auxiliary gauge field
in (53), the surface integrals in (55) readily evaluate as
δQ = − k
2pi
ˆ
dϕ
(
0Lδγ + 
0
Mδω
)
. (57)
8These surface integrals turn out to be nontrivial for the
asymptotic symmetries, which correspond to the ones
that maintain the asymptotic form of a in (53), i.e., those
that fulfill
δa = d+ [a, ] (58)
up to trivial gauge transformations. The asymptotic
symmetries are found to be spanned by
0L = ηL 
0
M = ηM (59)
where ηL and ηM are arbitrary functions of ϕ. The free
functions ±L,M do not appear in the canonical charges
nor in the transformation rules
δω = η′L δγ = η
′
M (60)
and hence they generate trivial gauge transformations.
The canonical generators are then given by
Q [ηL, ηM ] = − k
2pi
ˆ
dϕ (ηL γ + ηM ω) , (61)
being manifestly finite and conserved in advanced time.
D. Symmetry algebra
Having established the canonical charges we determine
now their symmetry algebra. Since their Poisson brackets
fulfill {Q(ξ1), Q(ξ2)} = δξ2Q(ξ1), it is straightforward to
obtain the algebra of the canonical generators from the
transformation law in (60), which is found to coincide
exactly with the one in the case of negative cosmological
constant (28). Indeed, expanding in Fourier modes
Jn =
k
2pi
ˆ
dϕeinϕω Kn =
k
2pi
ˆ
dϕeinϕγ , (62)
the commutators fulfill
[Jn, Jm] = [Kn, Km] = 0 (63a)
[Jn, Km] = k n δn+m, 0 (63b)
so that if one changes the basis according to
P0 = K0 , Pn = −i K−n
kn
if n 6= 0 , Xn = Jn , (64)
the canonical commutators in Casimir–Darboux coor-
dinates in (29), (30) are recovered, precisely as in the
asymptotically AdS case. As mentioned in Section II D,
the asymptotic symmetries are then described by two
affine uˆ(1) current algebras with the same levels as in
(28).
E. Flat space soft hair
We generalize now the discussion of section II E to flat
space. For simplicity let us assume a co-rotating frame
(Ω = 0) and constant a. The surface integral associated
to the generator of translations in advanced time is given
by
H = Q[|∂v ] , (65)
where |∂v stands for the Lie-algebra-valued parameter
associated to ∂v, given by (see e.g. [12])
|∂v = av = −aL0 . (66)
The Hamiltonian is then given by H = −aP0, being
identical to the result on AdS3 [4] and again commutes
with all canonical coordinates Xn, Pn.
We consider now all descendants |ψs({n±i })〉
|ψs({n±i })〉 ∝
∏
n±i >0
J−n+i K−n−i |ψ〉 (67)
of some state |ψ〉 (e.g. the vacuum state).2 Since H com-
mutes with all of the generators, one finds again that the
energy of any soft hair descendant |ψs({n±i })〉 coincides
with the one of the original state |ψ〉.
Hence, not only on AdS3, but also in the flat space
case, all descendants of some state turn out to possess the
same energy as that state, so that this kind of excitations
can be regarded again as “soft hair” in the sense of [5].
F. Emergence of composite BMS3 generators
Here we show how the BMS3 algebra, with the precise
central extension found in [38], naturally emerges from
composite operators of the affine uˆ (1) currents (63) in a
unique way, through an analogue of the twisted Sugawara
construction.
In order to do that, it is useful to compare the new
set of boundary conditions described by (51), (52), (53)
with the standard ones in [38]. This task can be success-
fully achieved only once the standard set of boundary
conditions is enhanced so as to accommodate a generic
choice of Lagrange multipliers as in [39, 40], which here
are allowed to depend on the dynamical fields. The com-
parison can then be explicitly carried out provided that
the asymptotic behaviour in Eqs. (51), (52), (53) is ex-
pressed in terms of the same gauge choice as in [39, 40].
For a generic choice of Lagrange multipliers, which are
not yet specified, the asymptotic form of the connection
is then given by
Aˆ = bˆ−1(d+aˆ)bˆ bˆ = exp
(
ρ
2M−1
)
(68)
2 Even though the condition n±i > 0 suggests that the states |ψ〉
are highest weight descendants of a given vacuum state our main
result that all states have the same energy eigenvalue also holds
for other representations discussed in the context of flat space
holography such as e.g. induced representations [34–37]. We
thank Glenn Barnich, Blaza Oblak and Max Riegler for discus-
sions on induced representations.
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2
L−1 − L
2
M−1 (69)
aˆv = µMM1 + µLL1 − µ′MM0 − µ′LL0 + 12
(
µ′′M
−MµM − LµL
)
M−1 + 12
(
µ′′L −MµL
)
L−1 , (70)
where M, L, µM , µL are arbitrary functions of v, ϕ.
We then look for a permissible gauge transformation3
spanned by a group element g, that relates the auxiliary
connections a in (53) with the auxiliary gauge field aˆ
given by (69), (70), i.e.,
aˆ = g−1(d+a)g . (71)
The group element g is found to be given by
g = ey(v,ϕ)M1ex(v,ϕ)L1e−
1
2γM−1e−
1
2ωL−1 (72)
with
x′ = 1 + ωx y′ = γx+ ωy (73a)
∂vx = µL − ax ∂vy = µM − ay + xΩ (73b)
On-shell consistency of Eqs. (73) then implies
µ′L − ωµL = a (74a)
µ′M − ωµM − γµL = −Ω (74b)
so that µM and µL not only depend on the functions a
and Ω that are held fixed at the boundary, but also posses
a non-local dependence on the dynamical fields γ, ω.
The gauge fields aˆ and a are then related through a
permissible gauge transformation spanned by g in (72),
provided
M = 12ω2 + ω′ (75a)
L = ωγ + γ′ . (75b)
Summarizing, the boundary conditions in (51), (52),
(53), once expressed in the gauge choice of [39, 40], are
described by Lagrange multipliers µM , µL that depend
non-locally on the dynamical variables γ, ω according to
(74), where a, Ω turn out to be fixed at the boundary
without variation (δa = δΩ = 0). The functions M, L
then depend on the global charges γ, ω according to (75).
It is amusing to verify that the field equations that
correspond to the local flatness of (68), given by
M˙ = 2Mµ′L +M′µL − µ′′′L (76a)
L˙ = 2Lµ′L + L′µL + 2Mµ′M +M′µM − µ′′′M (76b)
by virtue of our boundary conditions, which in this gauge
choice are expressed by (74), (75), reduce to γ˙ = Ω′,
ω˙ = −a′ , in full agreement with (54), which were readily
obtained in the gauge choice of section IV B.
3 In the sense of [27], a gauge transformation is dubbed permissible
if it does not interfere with the asymptotic symmetry algebra.
It should also be highlighted that (75) corresponds to
a “flat analogue” of the twisted Sugawara construction.
Indeed, one can verify that the currents M, L actually
obey the BMS3 algebra with the central extension found
in [38]. This can be seen as follows. According to (60),
the transformation law of the dynamical fields under the
affine asymptotic symmetries is given by δω = η′L, δγ =
η′M , and by virtue of (74), the relationship between the
functions that span the asymptotic symmetries in both
gauge choices reads
′L − ωL = −ηL (77a)
′M − ωM − γL = −ηM . (77b)
Hence, the transformation law of M and L can be di-
rectly obtained from (75)
δM = 2M′L +M′L − ′′′L , (78a)
δL = 2L′L + L′L + 2M′M +M′M − ′′′M , (78b)
which implies that the currents spanned by M, L fulfill
the centrally-extended BMS3 algebra.
In other words, expanding in Fourier modes, Eq. (75)
reads
Mn =
1
2k
∑
p∈Z
Jn−pJp + in Jn (79a)
Ln =
1
k
∑
p∈Z
Jn−pKp + inKn (79b)
so that the generators Mn, Ln fulfill the centrally-
extended BMS3 algebra
[Ln, Lm] = (n−m)Ln+m (80)
[Ln, Mm] = (n−m)Mn+m + kn3δn+m, 0 (81)
[Mn, Mm] = 0 . (82)
It is then remarkable that the standard asymptotic BMS3
algebra, which is obtained from a different set of bound-
ary conditions, that is defined through keeping µM and
µL to be fixed at the boundary without variation [µM =
µ¯M (v, ϕ), µL = µ¯L (v, ϕ)] [39, 40], naturally emerges as
a composite one in terms of the uˆ (1) currents that cor-
respond to the asymptotic symmetries of our boundary
conditions, described by (74) and (75).
We would like to emphasize that, although the cur-
rentsM, L fulfill the BMS3 algebra, their corresponding
global charges actually generate the affine algebra in (63).
Indeed, by virtue of (75) and (77), the variation of the
global charges reads
δQ = − k
2pi
ˆ
dϕ (M δM+ L δL)
= − k
2pi
ˆ
dϕ (ηL δγ + ηM δω) . (83)
Hence, they manifestly fulfill the uˆ (1) current algebra
(63).
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G. Metric formulation
The family of locally flat soft hairy spacetimes, once
written in Gaussian normal coordinates (42), opens up
the interesting possibility of performing a fully fledged
standard canonical analysis in the inner patch, even for
a generic choice of Lagrange multipliers. As in section
III A, the asymptotic Killing vectors can be obtained
from (32), which are found to be given by
ξt =
ηMω − γηL
aγ + Ωω
(84a)
ξϕ =
ηMa+ ΩηL
aγ + Ωω
(84b)
ξr = 0 (84c)
so that the minisuperspace is preserved provided that the
dynamical fields, γ and ω, transform precisely as in (60).
It is worth pointing out that the form of the asymp-
totic Killing vectors in (84) agrees with the ones for the
soft hairy black holes in (33b) provided J± = γ ± ω,
and η±M = −a± Ω. Therefore, the corresponding canon-
ical generators are directly recovered from (35), which
are found to precisely agree with (61). Consequently, in
terms of J±, their algebra manifestly acquires the form
of the uˆ (1) currents in (28) with levels k = 1/(4G).
H. Thermodynamics
In order to explore the thermodynamical properties
of the cosmological flowers, it is useful to consider the
Euclidean continuation of the line element in the inner
patch (42), so that the horizon is located at the origin
(r = 0) and the boundary is chosen to be at r = r0 < rs.
Following [27], one takes advantage of the fact that the
chemical potentials manifestly appear in the metric, so
that the range of the coordinates can be fixed according
to the ones of a straight solid torus, being characterized
by a trivial modular parameter, i.e., 0 ≤ ϕ < 2pi, 0 ≤
τ < β, where T = β−1 is the Hawking temperature.
Thus, requiring regularity of the geometry around the
cosmological horizon, fixes the temperature and angular
chemical potential according to
a2 =
4pi2
β2
Ω = 0 (85)
in full analogy with the black flowers (22). It is worth
emphasizing that regularity again holds independently of
the value of the global charges.
Alternatively, regularity of the Euclidean configuration
can be directly implemented through requiring the holon-
omy of the gauge fields along the thermal cycle to be
trivial. One of the advantages of this procedure is that
it can be carried out directly in terms of the auxiliary
connections, and hence it does not depend on the radial
coordinate. Therefore, the procedure holds for the in-
ner and the outer patch provided that the orientation is
suitably taken into account.
As pointed out in [40], ISL(2,R) does not admit a
suitable standard matrix representation from which the
Casimir operators, and hence the invariant bilinear form
(50), could be recovered from the trace of a product of
the generators. Therefore, regularity of the Euclidean
configuration cannot be straightforwardly implemented
through the diagonalization of the holonomy matrix,
though it is possible to do so along the lines of [39] using
a 3+1 dimensional representations of ISL(2,R). Here we
implement the regularity conditions following [40]:
(i) One first finds a proper group element of the form
h = exp (λnMn) that permits to gauge away the tempo-
ral components of the connection along Mn, so that one
can consistently set the components of the dreibein along
time to vanish (AMτ = 0). Thus, the chemical potential
of electric type becomes fixed, and generically can be ex-
pressed in terms of the magnetic type one and the global
charges.
(ii) The remaining conditions can then be fulfilled
through diagonalizing the holonomy matrix associated
to the spin connection (ALτ ) along the thermal circle, in
the fundamental representation of SL(2,R).
For the auxiliary connection a with the gauge choice
in (53) the group element h becomes trivial, so that con-
dition (i) readily implies that Ω = 0. Condition (ii) then
implies that exp(−iβaL0) = −1l, so that
a2 =
4pi2
β2
(2n+ 1)
2
, (86)
where n is an integer. The branch that is continuously
connected to the cosmological flower (without conical
surpluses) then corresponds to n = 0.
Alternatively, if one considers the auxiliary connection
for the gauge choice as in (70), the group element can be
chosen to be given by
h = exp
[
− 1
2µL
(2µMM0 − µ′MM−1)
]
, (87)
and thus, condition (i) is fulfilled provided
µ′Mµ
′
L − µMµ′′L − µL (µ′′M − 2MµM − LµL) = 0 . (88)
Condition (ii) then reads exp(iβaˆLv) = −1l, which is
equivalent to
tr
(
aˆ2Lv
)
=
2pi2
β2
(2n+ 1)
2
, (89)
and evaluates as
µ′2L − 2µL (µ′′L −MµL) =
(
2pi
β
(2n+ 1)
)2
. (90)
Making use of the expressions that define our boundary
conditions in this gauge, given by (74), (75), the condi-
tion in (88) yields Ω = 0, while the remaining condition
(90) reduces to (86).
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As an additional remark of this subsection, it is worth
pointing out that the regularity conditions in (88), (90)
can also be used for a wider set of boundary conditions
than the ones defined through (74), (75). Indeed, for
the standard set of boundary conditions that can be de-
scribed by fixing µM and µL to be constants at infin-
ity, the conditions (88), (90) reduce to the ones found in
[39, 40].
Cosmological flowers are also found to posess an en-
tropy that depends only on the zero modes of the uˆ (1)
currents, since
S =
A
4G
= 2piK0 . (91)
We postpone a more thorough discussion of thermody-
namical aspects, particularly of entropy, to section VI.
V. ALGEBRAIC ASPECTS
In this section we summarize for convenience and fu-
ture reference the various Sugawara-like constructions
that start with infinite copies of the Heisenberg algebras
together with a finite number of Casimirs. Equivalently,
one can start with the same number of uˆ(1) current alge-
bras and construct various composite algebras of interest.
We start with the most prominent one, the Virasoro alge-
bra, then continue with the BMS construction from the
present paper, and finally list further similar construc-
tions of interest in three dimensions (twisted warped and
higher spin algebras) and four dimensions.
Before starting we make a couple of comments on con-
ventions. In our discussion we shall freely rescale the
uˆ(1) levels according to convenience by rescaling the cor-
responding generators. All commutators not displayed
vanish. Finally, with the exception of the first Virasoro
algebra presented below, all algebras refer to field theo-
ries defined on the plane, with standard consequences for
the central terms.
A. Virasoro from Heisenberg
From a near horizon perspective the central charge
of the symmetry algebra should be independent of the
AdS radius and any asymptotic behaviour of the solu-
tion. This amounts to an O(1) level for the uˆ(1) currents
[J±n , J±m ] =
n
2
δn+m, 0 . (92)
The (untwisted) Sugawara construction
L±n =
∑
p∈Z
: J±n−pJ±p : (93)
where : : denotes normal ordering, leads to a (near hori-
zon) Virasoro algebra of central charge 1
[Ln, Lm] = (n−m)Ln+m + 1
12
(n3 − n) δn+m, 0 . (94)
Note that the current algebra remains untwisted here,
[L±n , J±m ] = −mJn+m . (95)
The near horizon algebra above appeared in the construc-
tion of BTZ microstates, dubbed “near horizon fluffs”, in
[41]; see the end of section VI B for a brief discussion of
these microstates.
From an asymptotically AdS3 perspective the most
natural Sugawara construction of two uˆ(1) current al-
gebras,
[J±n , J
±
m] =
1
2 kn δn+m, 0 (96)
is given by a twisted one,
L±n =
1
k
∑
p∈Z
J±n−pJ
±
p + inJ
±
n . (97)
We assumed here implicitly a large k limit where nor-
mal ordering can be neglected. The associated algebra
is a Virasoro algebra with the Brown–Henneaux central
charge c = 6k
[Ln, Lm] = (n−m)Ln+m + c
12
n3 δn+m, 0 . (98)
Note that the current algebra now is twisted
[L±n , J
±
m] = −mJn+m + i2 kn2δn+m, 0 . (99)
The algebra above appeared in the mapping from quan-
tities in diagonal gauge to highest weight gauge, i.e., in
the mapping from “near horizon” variables to “asymp-
totic variables”, see [4].
B. BMS3 from Heisenberg
As we have shown in this work, in locally flat space the
two current algebras appear naturally in algebraically off-
diagonal form (62)
[Jn, Km] = kn δn+m, 0 (100)
The algebra diagonalizes by linearly combining the gen-
erators as
J±±n =
1
2 (Kn ± Jn) , (101)
but since the Fourier modes Jn, Kn arise naturally in
the analysis of the flat space canonical charges it is con-
venient to use them.
From an asymptotically flat perspective the most nat-
ural Sugawara-like constructions are given by
Ln =
1
k
∑
p∈Z
Jn−pKp + inKn (102)
and
Mn =
1
2k
∑
p∈Z
Jn−pJp + inJn (103)
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where again we refrain from introducing normal ordering
since we assume large k. [Note, however, that the expres-
sion (103) is already normal-ordered since the generators
Jn commute among themselves.] The composite genera-
tors Ln and Mn then obey the BMS3 algebra [42] with
off-diagonal central extension [38].
[Ln, Lm] = (n−m)Ln+m (104)
[Ln, Mm] = (n−m)Mn+m + k n3 δn+m, 0 (105)
The non-vanishing commutators of the BMS3 generators
with the current algebra generators are given by
[Ln, Jm] = −mJn+m + ik n2 δn+m, 0 (106)
[Mn, Km] = −mJn+m + ik n2 δn+m, 0 (107)
[Ln, Km] = −mKn+m (108)
The algebra above appeared in the analogue of the map-
ping from quantities in diagonal gauge to highest weight
gauge, i.e., in the mapping from “near horizon” variables
to “asymptotic variables”, see section IV F.
C. (Twisted) warped from Heisenberg
Previous constructions of NHSAs yielded either the
centerless warped conformal algebra [1] or the twisted
warped conformal algebra [33]. We display now the Sug-
awara construction that yield the latter algebra from two
uˆ(1) current algebras. It turns out to be convenient to
employ their off-diagonal version (100).
The twisted warped conformal algebra follows from the
Sugawara-like construction
Ln =
1
k
∑
p∈Z
Jn−pKp + inKn (109)
yielding
[Ln, Lm] = (n−m)Ln+m (110a)
[Ln, Jm] = −mJn+m + ik n2 δn+m, 0 (110b)
exactly as in the BMS3 case. (The remaining part re-
mains untwisted, [Ln, Km] = −mKn+m.)
We close with three comments. Dropping the last term
in the Virasoro generators (109) yields the centerless ver-
sion of that algebra. Introducing normal ordering in
(109) leads to a Virasoro central charge c = 2, which
is natural given that we have two uˆ(1) current algebras.4
The twisted centerless warped conformal algebra appears
as a sector in the BMS construction above.
4 We thank Max Riegler for discussions about this case.
D. Higher spin algebras from Heisenberg
Asymptotic symmetry algebras analogous to the spin-2
case were discovered in sl(n)⊕ sl(n) higher spin theories
in the principal embedding [7]. These boundary condi-
tions yield as many uˆ(1) current algebras as there are
elements in the Cartan subalgebra of the gauge algebra.
For concreteness we display here the spin-3 case. The
asymptotic symmetries are then spanned by four uˆ(1)
current algebras, whose levels are conveniently normal-
ized as
[J±n , J
±
m] =
1
2 kn δn+m 0 (111)
[J (3)±n , J
(3)±
m ] =
2
3 kn δn+m, 0 (112)
The twisted Sugawara construction that appears in the
mapping between near horizon and asymptotic variables
[7] (again ignoring normal ordering)
L±n =
1
k
∑
p∈Z
(
J±n−pJ
±
p +
3
4J
(3)±
n−p J
(3)±
p
)
+ inJ±n (113)
W±n =
1
k2
∑
p,q∈Z
(
J
(3)±
n−p−qJ
(3)±
p − 4J±n−p−qJ±p
)
J (3)±q
− i
k
∑
p∈Z
(3n− 2p)J (3)±n−p J±p + 12n2J (3)±n (114)
then yields the (semi-classical) W3 algebra
[L±n , L
±
m] = (n−m)L±n+m + 12 k n3 δn+m, 0 (115)
[L±n , W
±
m ] = (2n−m)W±n+m (116)
[W±n , W
±
m ] =
1
3 (n−m)(2n2 + 2m2 − nm)L±n+m
+
16
3k
(n−m)
∑
p∈Z
L±n+m−pL
±
p +
1
6kn
5 δn+m,0 (117)
whose generators have the following commutations rela-
tions with the uˆ(1) currents.
[L±n , J
±
m] = −mJ±n+m + i2 kn2δn+m, 0 (118)
[L±n , J
(3)±
m ] = −mJ (3)±n+m (119)
[W±n , J
±
m] =
4m
k
∑
p∈Z
J±n+m−pJ
(3)±
p
+ i2 m(3n+ 2m) J
(3)±
n+m (120)
[W±n , J
(3)±
m ] =
8m
3k
∑
p∈Z
(
J±n+m−pJ
±
p − 34 J (3)±n+m−pJ (3)±p
)
+
2i
3
m(n− 2m)J±n+m + 13kn3δn+m,0 (121)
Constructions analogous the the spin-3 case reviewed
above work also for higher spins, see [7] for more details.
E. Kerr near horizon algebra from Heisenberg
All the algebraic constructions above were attached to
three-dimensional theories of gravity or higher spin the-
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ories. It is physically interesting to inquire about sim-
ilar algebraic constructions in higher dimensions. We
summarize here the construction in four-dimensional flat
space discovered recently [41], with possible applications
to non-extremal Kerr black holes.
Starting with four uˆ(1) current algebras
[J±n , J
±
m] = −[K±n , K±m] = 12 n δn+m, 0 (122)
the Sugawara-like constructions
Y ±n =
∑
p∈Z
(J±n−p +K
±
n−p)(J
±
p −K±p ) (123)
T(n,m) = (J
+
n +K
+
n )(J
−
m +K
−
m) (124)
yield the four-dimensional near horizon algebra of [1]
[Y ±n , Y
±
m ] = (n−m)Y ±n+m (125)
[Y +l , T(n,m)] = −nT(n+l,m) (126)
[Y −l , T(n,m)] = −mT(n,m+l) . (127)
This is a strong algebraic hint that our soft Heisen-
berg hair discussion generalizes to four dimensional (non-
extremal) Kerr black holes.
VI. ENTROPY
The entropy associated with our near horizon met-
rics can be calculated in numerous ways, which we shall
do in this section. We broadly classify the calculations
into macroscopic, microscopic and thermodynamic calcu-
lations. All our results turn out to agree with each other.
Both for the locally AdS and the locally flat case entropy
is given by
S =
A
4G
= β|E| = 2pi(J+0 + J−0 ) (128)
where the first equality gives the macroscopic result (with
A =
¸
γ dϕ and G is Newton’s constant), the second
the thermodynamic result [with β = 1/T = 2pi/a and
|E| = a(J+0 + J−0 )] and the last the microscopic result.
We review first the macroscopic derivation of entropy
in section VI A and then address microscopic derivations
in section VI B. In section VI C we generalize our results
to flat space cosmological flowers. Finally, we discuss
and speculate on some of the unusual thermodynamical
aspects of our theory in section VI D.
A. Macroscopic entropy
In this subsection we determine the entropy macro-
scopically. The Bekenstein–Hawking formula
SBH =
A
4G
(129)
can be obtained by a number of methods, like Wald’s
[43, 44] or Solodukhin’s [45]. We do not display these
standard derivations and instead derive macroscopic en-
tropy here in the Chern–Simons formulation.
The general result for the entropy for gravity theories
in the Chern–Simons formulation yields
SCS =
k
2pi
ˆ
dϕ ∧ dτ 〈AτAϕ〉
= − k
2pi
β σ
˛
dϕ 〈AτAϕ〉 (130)
= −β σ(J+0 ζ+ + J−0 ζ−) = 2pi (J+0 + J−0 ) .
The first equality follows from the general discussion re-
viewed e.g. in [27] (see also Refs. [46–48]). The second
equality follows from our definitions and results in sec-
tions II and IV. As explained in [40], σ stands for the
orientation of the torus, which for black flowers on AdS3
(σ = 1) turns out to be the opposite of soft hairy cos-
mologies on flat space (σ = −1). The last equality is
a consequence of the regularity conditions that dictate
ζ± = −2piσβ−1. The result (130) coincides with the last
expression in (128).
B. Microscopic entropy
For zero-mode solutions like the BTZ black hole there
is a number of different microstate countings that yield
the correct result for the entropy. Each is based on a
different symmetry algebra that is composite in terms
of our asymptotic symmetry generators J±n fulfilling the
uˆ (1) currents algebras in (28). However, a naive stan-
dard microstate counting does not work for generic black
flowers. We show now why this is the case.
Even though black flowers are generically endowed
with all of the possible uˆ (1) global charges, according
to (130), their entropy only depends on the zero modes.
Besides, in the spherically symmetric case (BTZ black
hole), by virtue of the (twisted) Sugawara construction
given by (97) [4], the Virasoro generators L±n can be ob-
tained from the uˆ(1) ones J±n , so that (130) reduces to
the known result for the black hole entropy5 [49–51]
S = SCardy = 2pi
√
c
6
L+0 + 2pi
√
c
6
L−0 . (131)
However, as it can be directly seen from the map in (97),
a naive direct application of (131) to the case of a generic
soft hairy black hole, for which J±n 6=0, clearly does not
lead to the right result because the entropy would mani-
festly acquire an explicit dependence on soft hair charges.
5 In the following quantities like L0 or J
±
0 often refer to vacuum
expectation values and not to the corresponding operators; the
meaning should always be clear from the context.
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To pinpoint the problematic issue with these states we
consider a specific one defined by
|B〉 = J+−1|BTZ〉 (132)
where the state |BTZ〉 obeys the highest weight condi-
tions J±n |BTZ〉 = 0 for all positive n. Algebraically,
this seems to make sense since BTZ black holes could
be defined by the conditions [52] 〈BTZ|Jn|BTZ〉 = 0,
for all n 6= 0, while the vacuum expectation values of
J±0 are related to mass and angular momentum, through
L±0 = k
−1(J±0 )
2. The key observation is that the state
|B〉 does not obey all the highest weight conditions since
particularly J+1 |B〉 6= 0. As a consequence, it does nei-
ther obey all the Virasoro highest weight conditions since
particularly L+1 |B〉 6= 0. This prevents us from doing the
usual Cardy counting for generic black flowers. Simi-
lar remarks apply to countings based on other composi-
tions of Heisenberg algebras, like the BMS3 algebra or
the warped conformal algebra (see section V).
One may then wonder how the Cardy formula could
be suitably modified or extended so as to reproduce the
right semiclassical result for the black flower entropy in
(130). Indeed, such a possibility exists and invokes a mi-
crostate counting that relies on an anisotropic extension
of S modular invariance, without the need of explicitly
identifying any microstates. It is based on recent results
for theories with anisotropic Lifshitz scaling in two space-
time dimensions, t → λzt, ϕ → λϕ, whose left and right
movers are assumed to be decoupled and characterized by
the same dynamical exponent z [15, 53]. At fixed values
of left and right energies ∆±  ∆±0 [z], the asymptotic
growth of the number of states is given by
S = 2pi(1 + z)
∑
±
∆
1/(1+z)
± exp
(
z
1+z ln
(
∆±0 [1/z] /z
))
,
(133)
where the spectrum is assumed to possess a gap and
−∆±0 [z] stand for the ground state energy of left and
right movers. Note that for the isotropic case z = 1
the Cardy formula (131) is recovered, upon identifying
L±0 = ∆± and ∆
±
0 = c/24. As we shall see in the next
paragraph, our case corresponds to z = 0.
The reason why we can apply (133) to black flowers is
that the boundary conditions in [4] containing soft hairy
black holes belong to a class of boundary conditions on
AdS3, for which the “boundary gravitons” obey the field
equations of the nth KdV hierarchy, extended to frac-
tional n, for the special case n = − 12 [15]. For a generic
value of n, left and right movers then possess a dynami-
cal exponent given by z = 2n + 1, and the ground state
energies that correspond to the ones of global AdS3 were
found to be given by
−∆±0 [z] =
k
2
1
1 + z
(−1)(1+z)/2 . (134)
Remarkably, the asymptotic growth of the number of
states for the set of boundary conditions in [4] can then
be obtained from (133) and (134) in the limit z → 0, so
that the entropy reduces to
S
∣∣
z=0
= 2pi∆+ + 2pi∆− , (135)
which precisely agrees with the last expression in (128)
for a generic soft hairy black hole upon identifying ∆± =
J±0 .
Although the left- and right-energies −∆±0 of global
AdS3 drop out in our entropy formula (135), it is still
of interest to compare the general result (134) for z = 0
with the corresponding result within the theory speci-
fied by the boundary conditions reviewed in section II.
At first glance this is problematic, since for fixed (real,
positive) Rindler acceleration none of our states is max-
imally symmetric. However, by analytic continuation to
complex values we obtain a maximally symmetric line-
element (A3) with the choices6
a = ±i Ω = 0 J+0 = J−0 = ±i
k
2
, (136)
so that left and right ground state energies −∆±0 [z] in
(134) exactly coincide with J±0 in (136) for z = 0. Thus,
we have the curious situation that our physical spectrum
(real, positive values of a and J±0 ) is gapped from the
ground state by an imaginary amount. The same feature
was found previously in Rindleresque holography [33].
Besides a traditional microstate counting, which we
have achieved above, it is also of interest to explicitly
identify the black hole microstates. Exploiting the near
horizon symmetry algebra and both Sugawara construc-
tions for asymptotic (L±n ) and near horizon (L±n ) Vira-
soro algebras summarized in section V A, as well as the
working hypothesis L0 = cL0, a proposal for these mi-
crostates was presented recently in [41]. It was found that
soft hair descendants fall into two classes, the “horizon
fluffs”, which obey all Virasoro highest weight conditions,
and the remaining ones, which violate some of the Vira-
soro highest weight conditions. In terms of near horizon
generators J±n the microstates |B〉 of a BTZ black hole
with energies L±0 are given by all states of the form
|B〉 ∼
∏
J +−n+i J
−
−n−i
|0〉 (137)
subject to the conditions 〈B|(J±0 )2|B〉 = cL±0 and
〈B|Jcn|B〉 = 0 for all n 6= 0. Our soft hair generators
J±n are related to these near horizon generators through
J±n = J±cn/
√
6, where the central charge c = 6k is as-
sumed to be a (large) integer. This means that the mi-
crostates (137) are highest weight states with respect to
6 This is perhaps seen most easily by comparing with the near hori-
zon line-element for Ω = 0, ds2nh = −r2a2 dt2+dr2+γ2 dϕ2+. . .
Then it is evident that choosing imaginary a and γ as in (136)
effectively exchanges ϕ and t. At the “self-dual point” where ϕ
and t are 2pi periodic regularity at the horizon requires a = ±i,
while the Killing vector analysis in appendix B leads to the result
J+0 = J
−
0 = ±ik/2.
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soft hair generators, J±n |B〉 = 0 for n > 0, but they are
not highest weight states with respect to the near hori-
zon generators J±n . As shown in [41], the degeneracy
of the microstates (137) in the classical (large c) limit
correctly accounts for the Bekenstein–Hawking entropy
of BTZ black holes. By the same arguments it works
also for arbitrary black flowers generated by acting with
arbitrary combinations of J±−n± on BTZ.
C. Flat space entropy
It is known that the entropy of flat space cosmologies
[54, 55] can be obtained from the inner horizon AdS en-
tropy by suitable rescalings with the AdS radius [56, 57].
In terms of Cardy-like formulas the main change between
outer and inner horizon entropies is a relative sign change
between the two additive terms in the corresponding en-
tropy formula. As explained in [40] this is because the
solid torus possesses a reversed orientation as compared
with the black hole. In our case this would change the
last expression in (128) to Sinner = 2pi(J
+
0 − J−0 ). Note
also that the automorphism J−n → −J−n of our NHSA al-
lows to redefine the generators such that our result (128)
still holds for inner horizons! Thus, we shall always as-
sume that the uˆ(1) current algebra generators are defined
with suitable signs so that the last expression in (128) is
valid.
An alternative way to obtain the entropy of cosmolog-
ical flowers, as described above, is performing the usual
I˙no¨nu¨–Wigner contraction from AdS to flat space by
rescaling suitably some generators with the AdS radius
`.
Ln = L
+
n − L−−n (138a)
Mn =
1
`
(
L+n + L
−
−n
)
(138b)
Kn = J
+
n + J
−
−n (138c)
Jn =
1
`
(
J+n − J−−n
)
(138d)
Note that the relative signs chosen in Kn and Jn are
in accordance with the automorphism mentioned above.
These definitions are compatible with all the algebras
in our paper and with the respective Sugawara-like con-
structions.
To see this explicitly it is important to recall the differ-
ences between the flat space Chern–Simons level kflat =
1/(4G) =: k and the AdS Chern–Simons level kAdS = `k.
The NHSAs (28) and (63) are then compatible with the
contraction (138). At finite (but large) ` the twisted
Sugawara construction (100) and the relations above (to-
gether with their inversion, J±±n = (Kn ± `Jn)/2) yield
Ln =
1
`k
∑
p∈Z
(
J+n−pJ
+
p − J−−n−pJ−p
)
+ in
(
J+n + J
−
−n
)
=
1
k
∑
p∈Z
Jn−pKp + inKn (139)
Mn =
1
`2k
∑
p∈Z
(
J+n−pJ
+
p + J
−
−n−pJ
−
p
)
+
in
`
(
J+n − J−−n
)
=
1
2k
∑
p∈Z
Jn−pJp + inJn +O(1/`) . (140)
In the ` → ∞ limit the results above coincide precisely
with (79).
This means that the entropy of soft hairy cosmological
spacetime can be obtained purely algebraically as
S = 2pi
(
J+0 + J
−
0
)
= 2piK0 =
A
4G
= −βE (141)
in agreement with (130). The first equality is the inner
horizon entropy in AdS, taking into account our auto-
morphism above. The second equality is the flat space
entropy and follows from the definitions (138). The third
equality follows from the relation (62). The final equal-
ity follows from the discussion in section IV E. The sign
concurs with a corresponding sign flip in inner horizon
thermodynamics [58, 59].
As a consequence of our contraction procedure above
all macroscopic and microscopic formulas obtained for
the entropy in AdS can be used to recover the corre-
sponding flat space results. As an example let us quote
the flat space Cardy formula [54, 55] for flat space cos-
mologies,
SFSC = 2pi|L0|
√
cM
2M0
. (142)
Here L0 and M0 are the vacuum expectation values of
the BMS zero-mode generators and cM is the coefficient
in the anomalous term of the mixed BMS3 commutator
(105), cM = k. Inserting into (142) our results for the
contraction above then yields
SFSC = 2pi
1
k
|J0|K0
√
k2
J20
= 2piK0 (143)
which agrees with our general result (141). However, it
should be highlighted that, as in the case of soft hairy
black holes on AdS3, a naive direct application of (142)
to the case of cosmological flowers does not yield the
correct result (see section VI A). In this sense, we expect
that there is an analogous flat space contraction of the
microscopic entropy formula (133).
D. Thermodynamic entropy
We conclude this section with some discussion on
peculiar thermodynamical features associated with our
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boundary conditions, as well as some related specula-
tions.
Our theory is singled out from a thermodynamic per-
spective by the independence of temperature from any
of the extensive variables (energy, angular momentum or
entropy). We stress that this is a highly unusual prop-
erty, not just from a thermodynamical perspective but
also from a gravitational one. In any other gravitational
setup we are aware of the temperature associated with
some regular black hole solution generally depends on
parameters like mass or angular momentum, the canoni-
cal example being Hawking’s temperature law T ∝ 1/M
for Schwarzschild black holes of mass M .
We believe that the property that temperature does
not depend on the state is key in making our boundary
conditions so suitable for microscopic purposes, since we
can put the theory at any temperature we like and still
all states in the theory (with real vacuum expectation
values J±0 ) are regular.
Clearly, our setup is thermodynamically an extremely
simple system. This is a direct consequence of our as-
sumption that Rindler acceleration (which determines
temperature) is a state-independent quantity.
This means that the first law
dE = T dS (144)
can be integrated trivially since T does not depend on
S. Integrating the first law (144) yields the thermody-
namic result displayed in (128). We can rephrase the
statement above in terms of the Gibbs–Duhem relation,
which states that the total Legendre transformation with
respect to all pairs of intensive/extensive variables of the
internal energy vanishes. In our case the only extensive
variable on which internal energy depends is the entropy
E = E(S). This means that the Gibbs–Duhem relation
in our case reads E − TS = 0. From the Gibbs–Duhem
relation we then recover the result (128). Another way
to read the Gibbs–Duhem relation is to observe that
Helmholtz free energy vanishes in our theory.
F = −T ln Zc = 0 (145)
This means that the canonical partition function Zc must
equal to unity.
Zc = 1 = Tre
−βE = e−βETr1l (146)
From the identities (146) we learn that the microcanon-
ical partition function Z is given by
Z = Tr1l = eβE = W (147)
which, after taking the logarithm, yields again the en-
tropy (128).
The first equality (147) provides a purely thermody-
namical glimpse into a microstate counting and the asso-
ciated difficulties: we would need to count all the states
W in the Hilbert space that have the same energy and
could then use Boltzmann’s formula,
SBoltzmann = lnW (148)
to obtain again the entropy (128). However, as we have
seen above there are infinitely many soft hair states with
the same energy, so that a naive microscopic evaluation
of the entropy leads to a meaningless divergent result.
What we need, therefore, is some cutoff on the amount
of soft hair that a horizon can have, depending on its
area. A proposal to obtain such a cutoff in a controlled
way was described in [41].
Here, we use a shortcut from heuristic arguments.
Rewriting (148) as
W = eSBoltzmann = ef[J
+
0 ,J
−
0 ] = ef[J
+
0 +J
−
0 ] = eα(J
+
0 +J
−
0 )
(149)
the first equality is evident. The second equality uses
the fact that entropy can only depend on the zero mode
charges J±0 through some arbitrary function f . The third
equality invokes parity invariance to simplify the function
f to a function of the sum of the zero mode charges,
f [J+0 + J
−
0 ]. The last equality then uses extensitivity of
the entropy to argue that the function f must be linear
in the charges (and homogeneous). Thus, what remains
to be determined in this Boltzmann-inspired counting is
the constant α > 0. Assuming that global AdS3 has no
entropy, i.e., WAdS = 1, and using the result (136) we
conclude
α =
2pin
k
n ∈ Z+ . (150)
Since entropy should be linear in the inverse Newton con-
stant k and J±0 is also linear in k, we know that n in (150)
must be a multiple of k and k must be quantized in the
integers. Assuming that the smallest positive number α
compatible with all requirements spelled out above is the
correct choice, we then obtain
α = 2pi (151)
and consequently
W = eSBoltzmann = e2pi(J
+
0 +J
−
0 ) (152)
which is again compatible with (128).
VII. COMPARISON TO OTHER APPROACHES
A. General remarks
In the past year, three different near horizon bound-
ary conditions were proposed [1, 4, 33], some of which can
be interpreted as modified asymptotically AdS boundary
conditions. However, these boundary conditions appear
more natural when expanding the metric in a near hori-
zon approximation like (3). While imposing boundary
conditions at some arbitrary locus inside the manifold
may lack physical motivation, as discussed in the intro-
duction the imposition of the existence of a horizon (and
some smooth neighborhood around it) has a clear phys-
ical motivation, namely to ensure that the state space
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considered by a theory subject to these boundary condi-
tions has exclusively states with a horizon. Even under
these premises and restricting to Einstein gravity in three
spacetime dimensions (for the time being with negative
cosmological constant) there is still a number of choices
one can make.
The most important choice is to fix the Rindler ac-
celeration a in (3) either as a state-independent quan-
tity (or, equivalently, as chemical potential/source from
a holographic view point) or as a state-dependent quan-
tity (depending on the charges or vacuum expectation
values from a holographic view point). We mentioned
already that we make the former choice, which implies
that all states in the theory have the same temperature
T =
a
2pi
. (153)
Since typically different states have different tempera-
tures — for instance, the BTZ black holes for different
masses and angular momenta have different temperatures
— we elaborate now why we make this choice.
First of all, the alternative is difficult to implement.
One obstacle is that the near horizon line-element (3) is
invariant under rescalings of Rindler acceleration with a
simultaneous rescaling of the coordinates,
a→ λa ρ→ λρ v → v/λ (154)
which means that there is no operational meaning to a
statement like “the Rindler acceleration is 42” since we
can always rescale Rindler acceleration to unity using
(154). Therefore, we need to break the scaling symme-
try (154) if we want to make sense of a state-dependent
Rindler acceleration. A previous work [33] achieved this
through periodically identifying advanced/retarded time,
v → v+2piL, with some length scale L that breaks the in-
variance (154). While this compactification of a lightlike
direction had some additional advantages, the physical
interpretation of this setup and the dual field theory (if
there is any) is difficult. Another difficulty is that solving
the Einstein equations in the near horizon approximation
with an arbitrary function a(v, ϕ) leads to the conditions
that a can depend on v only, which means that either a
is pure gauge (and hence state-independent) or that the
associated charges are not conserved in advanced time.
The second reason to opt for fixed Rindler accelera-
tion is that it automatically fixes the scale invariance
(154). Finally, and perhaps most importantly, a good
physical reason to fix the temperature for all states to
be the same is that the type of questions one would like
to ask in the near horizon setup are questions about one
fixed macrostate — a black hole or cosmological space-
time — with fixed temperature. For instance, the type
of question we want our near horizon theory to be able
to answer is “given a BTZ black hole with temperature
T , what is the number of microstates that contribute to
the ensemble that describes this macrostate”.
We address now in more detail relations and differences
to previous approaches.
B. Comparison with [1]
Donnay, Giribet, Gonza´lez and Pino [1] formulated
near horizon boundary conditions in three-dimensional
AdS and flat space, as well as in four-dimensional flat
space. Their NHSA differs from ours, though it is also
possible to obtain it as a composite algebra through a
Sugawara-like construction, see section V. More precisely,
they obtained in three dimensions an untwisted version
of the warped CFT algebra (110).
Since their paper uses Gaussian null coordinates like
in (8) we employ these coordinates for comparison. Both
their boundary conditions and ours are preserved by
asymptotic Killing vectors of the form
ξv = T (ϕ) + . . . ξϕ = Y (ϕ) + . . . ξρ = . . . (155)
where the ellipsis refers to subleading terms that do not
contribute to the canonical boundary charges.
The key difference between their boundary conditions
and ours is that in their case T and Y are state-
independent, whereas in our case the variations of γ, ω
are state-independent.
δξγ =
`
2
(
η+ − η−)′ δξω = 12 (η+ + η−)′ (156)
This implies that the state-dependent functions γ and ω
transform under the symmetry generators (155) as
δξγ = (γ Y )
′
+ ΩT ′ , δξω = (ω Y )
′ − a T ′ . (157)
and that the functions T and Y can be expressed as
T =
J +η− + J−η+
J +ζ− + J−ζ+ Y =
ζ−η+ − ζ+η−
J +ζ− + J−ζ+ . (158)
As it must be, the results (158) concur with (33).
C. Relationship to other work
The soft hair proposal by Hawking, Perry and Stro-
minger [5] and related work [60–62] has engendered a lot
of research in the past year, see [52, 62–81] for some se-
lected references and [6] for their most recent work.
Our boundary conditions in [4] provide a concrete re-
alization of their proposal for soft hairy black holes in
three-dimensional general relativity with negative cos-
mological constant, albeit with a symmetry algebra that
was not anticipated in [5], namely two uˆ(1) current alge-
bras or, equivalently, infinitely many Heisenberg algebras
supplemented by two Casimirs. It is then fair to ask how
sensitive to the chosen model are our conclusions about
the symmetry algebra, soft Heisenberg hair, entropy, etc.
In fact, we are convinced that our conclusions are fairly
universal, in particular that the near horizon symmetries
are governed by infinite copies of the Heisenberg algebra,
together with some Casimirs. In the present work we
have provided evidence for this universality by showing
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that also horizons in flat space lead to the same symme-
try algebra in three-dimensional general relativity. There
is, however, already substantial additional evidence for
universality that has appeared while this paper was in
progress.
It has been shown that Heisenberg algebras arise also
as NHSAs for BTZ black holes in Chern–Simons like the-
ories of gravity, i.e., in theories that go beyond general
relativity by including higher derivative corrections [82].
Our conclusions were extended in [7] to a specific class of
higher spin theories. Perhaps the most remarkable aspect
of these results is that the entropy law S = 2pi(J+0 +J
−
0 )
remains true in higher spin theories and reproduces the
(fairly complicated) known results for entropy expressed
in terms of the global charges. This provides further ev-
idence for the expectation that the near horizon theory
is extremely simple, far simpler than the asymptotic one.
It was algebraically shown in [41] that Heisenberg alge-
bras arise also in the near horizon approach to general
relativity in four spacetime dimensions, see section V E.
While there are certainly more generalizations one
could envisage (we mention some of them in the con-
cluding section VIII), in our opinion the diverse general-
izations obtained so far — higher derivative interactions,
higher spins, higher dimension — together with the re-
sults of the present work provide strong evidence for the
universality of asymptotic or near horizon symmetry al-
gebras in terms of Heisenberg algebras.
Let us finally point out that our boundary conditions
are a special case of the recently proposed general bound-
ary conditions in AdS3 [17]. Our symmetry algebra is a
subalgebra of the general asymptotic symmetry algebra
found therein, which consists of two sl(2) current alge-
bras with non-vanishing levels.
VIII. CONCLUSIONS
In this work we summarized and expanded upon the
boundary conditions in three dimensional Einstein grav-
ity of [4]. We have presented and discussed the met-
ric formulation of the boundary conditions and general-
ized the asymptotically AdS result to asymptotically flat
spacetimes. We have found that the asymptotic/near
horizon symmetry algebra is independent from the cur-
vature radius of the spacetime and hence equivalent in
both asymptotically AdS and flat spacetimes. It con-
sists of infinite copies of the Heisenberg algebra and two
Casimirs, X0, P0.
[Xn, Xm] = [Pn, Pm] = [X0, Pn] = [P0, Xn] = 0
[Xn, Pm] = iδn,m if n 6= 0 (159)
Our results, in particular the independence of the sym-
metry algebra from the cosmological constant, support
the interpretation that our boundary conditions describe
near horizon physics.
In section VI we derived entropy macroscopically, ther-
modynamically and microscopically, and found
S = 2pi(J+0 + J
−
0 ) , (160)
compatible with the Bekenstein–Hawking law. Remark-
ably, the result for entropy (160) remains true in gen-
eralizations to higher spin theories [7] and is thus fairly
universal.
What is still missing in the present work is a true
Heisenberg counting in locally flat space that directly
uses the Heisenberg algebra or, equivalently, the uˆ(1)
current algebras (63) plus suitable additional informa-
tion that provides a controlled cutoff on the soft hair
spectrum. Recently, a proposal for such a counting was
performed in locally AdS3 [41] by using the observation
of [83] that the Virasoro algebra with (integer) central
charge c can be understood as a subalgebra of the Vi-
rasoro algebra with central charge equal to unity. The
c = 1 Virasoro algebra naturally arises from the normal
ordered Sugawara construction of the uˆ(1) NHSAs (see
section V A). It was then proposed that the black hole
microstates correspond to all the uˆ(1) descendants of the
vacuum which lead to the same expectation value of the
asymptotic c = 3`/(2G) Virasoro charges. A counting
of states in this proposal was found to agree with the
Bekenstein–Hawking entropy. It would be very interest-
ing to generalize those results to the case of asymptoti-
cally flat spacetimes and, beyond Einstein gravity, to flat
space chiral gravity [84], and to other higher derivative
or higher spin theories of gravity.
Further generalizations of our approach are possible
and would be useful to pursue in order to check the (pos-
sible limits of) universality of our results for the NHSA
and the entropy (160). For instance, one could consider
black hole solutions in higher derivative theories of grav-
ity that are not locally maximally symmetric and check
whether again the the near horizon symmetries turn out
to be governed by uˆ(1) current algebras, and also if en-
tropy again is given by the simple result (160). Another
interesting generalization is to consider supersymmetry
or flat space higher spin gravity [85, 86]. Moreover, it
would also be of interest to try to extract the extremal
limit from our non-extremal boundary conditions and to
compare with the vast literature on microscopic state
counting for extremal black holes.
A potentially highly rewarding direction of future re-
search is to generalize the construction presented here
to higher dimensions and specifically to four dimensions.
Although the use of Chern–Simons theory is limited to
three dimensions, we expect the appearance of soft con-
served charges in the near horizon limit to hold in higher
dimensions as well, given the algebraic observations in
section V E. This might provide a fruitful new direction
to elucidate the peculiar properties of black hole physics,
in particular of non-extremal Kerr black holes in general
relativity.
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Appendix A: Metric in Eddington–Finkelstein gauge
In [4] we presented the locally AdS3 metric in Eddington–Finkelstein gauge for constant Rindler acceleration, a
and vanishing rotation parameter Ω = 0. Here we generalize these results in the same gauge to arbitrary functions
a(v, ϕ), Ω(v, ϕ).
We start with the connection (16) with the group element
b± = exp
(
± 1
`ζ±
L1
)
exp
(
± ρ
2`
L−1
)
(A1)
and the same choice for a± as in the main text, see (18) but with t replaced with v. The full connection then is given
by
A± = a±±
(
dρ
2`
L−1 − dζ
±
`ζ±2
L1
)
−
(
±dv
`
+
J±
`ζ±
dϕ
)
L1+
ρ
2`
(±ζ± dv + J± dϕ)L−1−ρ
`
(
dv
`
± J±
`ζ±
dϕ+
dζ±
`ζ±2
)
L0
− ρ
2
4`2
(
±dv
`
+
J±
`ζ±
dϕ± dζ
±
`ζ±2
)
L−1 (A2)
where the second term comes from b−1± db± and the rest from applying the Baker–Campbell–Hausdorff formula,
b−1± a
±b± = a± + . . . , and the ellipsis denotes single and double commutator terms (after two commutators the
otherwise infinite series truncates).
The most general solution of the Einstein equations (2) obeying our boundary conditions in Eddington–Finkelstein
gauge reads
ds2 =
(
Ω2 − 2aρf1
)
dv2+2f2 dv dρ+2
(
Ωγ+2ω˜ρh2
)
dv dϕ−2 ω˜
a
h1 dϕdρ+
[
γ2+
2ρ
a
(γ2
`2
−ω˜2(1− Ω
a`
)2)
h3
]
dϕ2 (A3)
We display below the functions f1, f2 and h1, h2, h3 appearing in the locally AdS3 line-element (A3).
f1 = f2 +
Ω
a`
W˙ + F+F−
ρ
2a`2
(A4)
f2 =
F+ + F−
2
(A5)
h1 = 1− a
ω˜
A′ (A6)
h2 =
h1 + f2
2
− Ω
2ω˜`
(
W ′ +
aγ + ω˜Ω
a2`
A˙− γ
Ω
W˙
)
+
[
h1f2 +
a
ω˜
W˙
(
W ′ − aγ + ω˜Ω
a2`
)] ρ
2a`2
(A7)
h3 =
H+ +H−
2
− Ω(H+ −H−)
2a`
+ (H+H−)
ρ
2a`2
(A8)
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Additionally we have defined
ω˜ =
ωa2 + γaΩ`−2
a2 − Ω2`−2 (A9)
F± = 1− a˙± Ω˙`
−1
(a± Ω`−1)2 (A10)
A =
a
a2 − Ω2`−2 (A11)
W =
Ω`−1
a2 − Ω2`−2 (A12)
H± = 1 +
(±a′ − Ω′`−1)a2
(a∓ Ω`−1)2[(±a+ Ω`−1)ω˜ + aγ`−1] . (A13)
The quantities fi depend only on a, Ω, while hi depend additionally on γ and ω. Prime (dot) denotes ∂ϕ (∂v).
The chemical potential Ω generates a rotating frame. If it vanishes, Ω = 0, we get considerable simplifications in
the functions appearing in the line-element (A3).
f1
∣∣
Ω=0
= f2 + f
2
2
ρ
2a`2
(A14)
f2
∣∣
Ω=0
= 1− a˙
a2
(A15)
h1
∣∣
Ω=0
= 1 +
a′
aω
(A16)
h2
∣∣
Ω=0
=
h1 + f2
2
+ h1f2
ρ
2a`2
(A17)
h3
∣∣
Ω=0
=
1
2
(H+ +H−) + (H+H−)
ρ
2a`2
(A18)
where H± = 1 + a′/[a(ω ± γ`−1)].
If a is constant it can be interpreted as Rindler acceleration. For constant chemical potentials the line-element (A3)
with (A9) and (A4) simplifies to
ds2
∣∣
Ω,a=const.
=
(
Ω2 − 2aρf) dv2 + 2 dv dρ+ 2[Ωγ + 2ω˜ρf] dv dϕ
− 2 ω˜
a
dϕdρ+
[
γ2 +
2ρ
a`2
(
γ2 − ω˜2(1− Ω/(a`))2)f] dϕ2 (A19)
where γ and ω depend now on ϕ, only, and all functions fi and hi above simplify, either to f2 = h1 = 1 or to the
single function f1 = h2 = h3 = 1 + ρ/(2a`
2). If additionally Ω = 0 then we recover the result displayed in the main
text, see (8).
Appendix B: Killing vectors
We consider here the six local Killing vectors for simple
solutions with constant γ, a and vanishing ω = Ω = 0, de-
scribing static BTZ black holes in Eddington-Finkelstein
coordinates (8). The main goal of this appendix is to
find conditions for which these local Killing vectors re-
main well-defined globally.
We obtain the six local Killing vectors
ξ1 = ∂v (B1)
ξ2 = ∂ϕ (B2)
ξ3,4 = e
av±A(∂v ± 2a3`3 + a2`ρ
γ(a2`2 + aρ)
∂ϕ − (2a2`2 + aρ) ∂ρ
)
(B3)
ξ5,6 = e
−av±A(∂v ∓ a2`ρ
γ(a2`2 + aρ)
∂ϕ + aρ ∂ρ
)
(B4)
where A = ϕγ/`.
If v has an imaginary periodicity then these Killing
vectors can be globally regular only if v ∼ v + i2pi/a,
which is indeed the identification induced by (22). More-
over, periodicity in the angular coordinate, ϕ ∼ ϕ + 2pi,
means that the Killing vectors above are globally regular
only for
γ = ±in ` n ∈ Z+ (B5)
For n = 1 we obtain the ground state solution, see the
discussion in section VI B. Therefore, the ground state
solution is maximally symmetric, as may be expected on
general grounds. The fact that our ground state solution
21
is gapped from the physical spectrum by an imaginary
amount is interesting and has been seen already in a pre-
vious Rindleresque construction [33].
Interestingly, only the local Killing vectors ξ1 and ξ2
are compatible with the fall-off conditions of asymptotic
Killing vectors (155). They correspond precisely to the
generators of the “wedge subalgebra” of our symmetry
algebra (28).
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